The aim of this work is to develop a new numerical calculation program to calculate the shear stress subjected to a shear force for the general case of deflected bending, and to develop in this context a new numerical computational program for the calculation of the shear stress distribution in an arbitrary complex cross-section, in light to determine the position, and the value of the maximum stress, and consequently the determination of the shape factor seen in their practical importance. The calculation is valid for any axis and not necessary for the two principal axis of inertia. The calculation of the geometric characteristics of the section is necessary in this case. The formulae is done by the calculation of the static moment of the cut-off portion of section, where the calculation is made by an evaluation of an integral of complex function. View the obtained of a complex function, the calculation is given numerically by the use of the high order Gauss-Legendre formulae. The validation of the results is made by the convergence of the numerical accurate results to those for a chosen section like the arbitrary triangle which the exact result can be calculated analytically by the use of the new formulae. In this case, the solution is seen when the relative error given by the quadrature approaches to zero. The application will be for unsymmetrical section, views their practical interests in engineering.
Introduction
The shear stress τ calculation due to the effect of the shear force T is generally done with respect to the principal axes of inertia for the case of simple bending, given the existence of the calculation formula in the literature [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . In this case, the section is oriented in such a way that the shear force is applied according to one of the principal axes of inertia [11] [12] [13] [14] [15] .
When the shear force is applied along an axis which is not necessarily the principal axis of inertia, which is the case for the deflected bending theory for a majority of the structures forming a mechanical, civil or Aerospace construction [10] , the calculation of the tangential stress presented in the literature is done first of all by the consideration of the projection of the shear force according to the two principal inertias [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] .
In this case, it is necessary to search the direction of the two principal axes of inertia and to calculate the stress τ along these two axes using the formula for simple bending [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . This computation method is rather complicated in view of the arbitrary orientation of the section with respect to these axes. The computational geometry becomes very complicated for the evaluation of the variation of the incoming static moments in the calculation formula.
Sometimes it is impossible to orient one of the main axes of inertia along the axis of application of the shear force for technical reasons of construction. * corresponding author
The calculation of the shear stress directly relative to the axis in question is impossible, also given the lack of an appropriate formula valid in this case. For this reason, the authors use the projection of the shear force along the principal axes of inertia and deduce the vectorial sum of the stresses according to the two projections. For example, in Refs. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , the authors used the universal formula designed for simple flexion with respect to the principal axes of inertia for symmetric sections. In Ref. [10] , the authors developed a program of computation of the shear stress for wing profiles only of the symmetric forms. Then all authors and industrial constructors, and up to now, and without exception [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , use only symmetric sections and the theory of simple bending in their calculations and construction for the evaluation of shear stress, for reasons of lack of analytical formula applicable to the non-symmetrical sections with respect to any axes, or simply neglecting the calculation of the shear stress by considering a fairly large length of the beam with respect to the transverse dimension and considering in this case only the calculation of the stress due to the bending moment.
This work focuses to develop a new formula and numerical calculation program to compute the distribution of the shear stress for the general case of deflected bending for arbitrary axis for beams having arbitrary complex cross-section, in light to determine the value and the position of maximum stress and consequently the determination of the general shape factor, in order to calculate the maximum shear stress within the bending strength test for the beams of small or moderate lengths for arbitrary form of the cross-section in the general case of deflected bending.
(501)
The comparison and validation of numerical results will be made with implementing the program for the given unsymmetrical section like an arbitrary triangle where the exact solution can be analytically calculated by the use of the new formulae.
Mathematical formulation
The following Fig. 1 shows the general diagram of the shear stress τ y and the direct stress σ under the effect of a vertical shear force T y and a bending moment M x in any cross-section in the case of the deflected bending. For the case of the application of (M y and T x ), one can deduce by analogy the corresponding scheme.
Under the effect of moment bending M x , the normal force of the upper part is calculated by the following relation:
(1) The integration of (1) gives
Since the application of M x is made with respect to any axis which is not necessarily a principal axis of inertia, the normal stress σ is calculated by the following relation according to the deflection bending theory by [1] [2] [3] [4] [5] :
Replacing relation (3) in relation (2) and integrating the result along the section of the upper part, we obtain with
The relation (4) contains two different terms. The first term depends on the geometry (I x , I y , I xy , S * x , S * y ) of the section (which is given and unchanged), and the other term is the M x which depends on the internal forces. Then the differentiation of relation (4) affects only the internal forces and is given by the following relation:
One can calculate the normal force by the consideration of the horizontal surface by intervening the shear stress τ by dN * = τ b dz.
(7) Then the tangential stress τ y can be calculated, starting from the relation (7), by
Replacing the relation (6) in relation (8) , one obtains
The derivative of the bending moment M x with respect to the longitudinal direction z of the beam gives the value of the shear force along the y-axis by the following relation:
setting
Replacing relations (10) and (11) in relation (9) we obtain the following relation:
The relationship (12) gives the general formula for calculating the shear stress τ y under the effect of a shear force T y applied along the arbitrary central y-axis for an arbitrary cross-section in the case of deflected bending. For a section having one or two axes of symmetries, or with respect to the principal axes of inertia, the inertial product I xy with respect to these axes is equal to zero. The coefficient Q given by the relation (11) becomes equal to unity. The relation (12) gives the famous calculation relation of the shear stress, applied for an axis of symmetry of a symmetrical section or with respect to the principal axes of inertia for any section [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] :
By analogy and under the effect of the shear force T x , the following relationship can be obtained directly from the relation (12) by changing T y by T x , τ y by τ x , b x by b y , the y-axis by the x-axis, one obtains easily
The right member of the relations (12) and (14) depends only on the geometry of the section which is characterized by calculating the static moments S * x and S * y of the upper surface.
At the end, the position and the value of the stress τ M ax of the section can be determined.
The corresponding shape factor of the section can be calculated by the following relation:
As we can see two shear forces T x and T y , then we have two factors of form k x and k y , respectively.
Applications
We present in this work three general forms of the sections determined with appropriate parameters. We are only interested in the section in the first quadrant.
Under the effect of T y , the scheme shown in Fig. 1 can be considered. By analogy, the corresponding scheme can be deduced under the effect of T x from Fig. 1 .
First section
The general equation of this section is given by Eq. (16) . We are only interested in the section in the first quadrant. Figure 2 shows the general shape of the sections chosen according to the parameters n and m illustrated in Table I: x a
Table I presents some sections studied according to parameters n and m and the curves in Fig. 2 . Fig. 2 . Presentation of the shape of the five sections according to relation (16) and the parameters of Table I . Then, according to Fig. 2 , curve 1 is for n = 2/3, m = 1.0. Curve 2 is for n = 1/2 and m = 1.0. Curve 3 is for n = 1.0 and m = 1.0. Curve 4 is for n = 2.0 and m = 2.0. Curve 5 is for n = 3.0 and m = 1/2.
To calculate the distribution of the shear stress by the formulae (12) and (14) , it is necessary to calculate the geometrical characteristics of this section. Then we can prove the following formulae:
For the calculation of the stress τ y , the static moments S * x and S * y as well as the length of the band b x of the upper part of Fig. 1 are calculated by the following relations:
with
and
For the computation of the stress τ x , the static moments S * x and S * y , as well as the length of the right part of Fig. 3 are calculated by the following relations: • .
For n = m = 1, the relation (16) gives the equation of a triangle with a horizontal side equal to a and the vertical side equal to h. In this case the integrals in the relations (17) to (31) can be evaluated analytically. The following results will be obtained:
Similarly, under the action of T y :
For the computation of the shear stress τ y let us substitute the relations (22), (23), and (24) into the relations (12); we find after simplification the following results:
The position and the maximum value of the stress τ y in relation (38) are
Similarly, under the action of T x , we shall have the following results:
Let us substitute relations (35), (36) and (37) in relations (14) we find after simplification the following result:
The position and maximum value of the stress τ y in relation (23) are
The shape factors of the triangular section can be calculated using Eq. (15) for the two shear forces along the axes G x and G y :
For a symmetric triangular section (isosceles triangle), the variation of the shear stress as well as the value and position of the maximum stress and the shape factors are as follows [1] [2] [3] [4] [5] [6] [7] [8] :
According to results (47) and (51), the maximum stress with respect to the principal axis is 40% smaller than the maximum stress directed along the central axis of the definition of this section.
Second section
The shape of this second section represents a circular sector in the first quadrant limited between the horizontal axis and a straight line forming an angle θ with the horizontal as shown in Fig. 3 . This section is defined by a radius R and an angle of rotation θ. When θ = 90
• , the circular sector becomes a quarter circle as the shape of the first section when n = m = 2.0 (curve 4).
It can be shown that the geometric characteristics of this section can be calculated by the following formulae:
For the calculation of the stress τ y by the relation (12), it can be demonstrated that the static moments S * x and S * y as well as the length of the bandwidth b x of the upper part of Fig. 1 can be calculated by the following relations:
For the computation of the stress τ x by the formula (14) it can also be shown that the static moments S * x and S * y as well as the length of the bandwidth b y of the upper part can be calculated by the following relations:
The results of the section of a quarter circle can be found in the first section for n = m = 2.0 (curve 4) and in the second section when θ = 90.0
. This gives us the possibility to validate the formulae found by the relations (17) to (31), and by the relations (52) to (68), and to confirm again the numerical calculation accuracy and the used quadrature.
Third section
The general equation of this section is given by Eq. (68). We are only interested in the section in the first quadrant. Figure 4 shows five shapes of five sections selected according to parameter n illustrated in Table II :
where n is a non-zero positive real. Table II presents five sections chosen according to the value of n. For n = 1 we find the triangular section, where the results obtained must be the same as the first section when n = m = 1 and with the analytical results presented by relations (35) to (47). It can be shown that the geometric characteristics of this section can be calculated by the following formulae:
For the calculation of the stress τ y according to relation (12) , the static moments S * x and S * y , as well as the length of the bandwidth b y of the upper part of Fig. 1 can be calculated by the following relationships:
For the calculation of the stress τ x according to relation (14) , the static moments S * x and S * y , as well as the length of the bandwidth b x of the upper part of Fig. 1 can be calculated by the following relationships:
Calculation procedure
Given the complexity of integral functions in relations (17) to (21), (23), (24), (28), (29), (54) to (56), (64), (65), (75), (76), (80) and (81), the analytical calculation is impossible. Hence, our interest is directed towards the determination of the numerical solution. In this context, the Gauss-Legendre quadrature of order 20 was used for regular functions [16] [17] [18] [19] [20] [21] [22] [23] . This method compared with others methods, such as the rectangle, trapezium and the Simpson methods [16, 17] , has a speed and convergence efficiency. It requires a very small number of points to have a high accuracy in comparison with the other methods; for example, for an accuracy of 10 −8 , only 20 Gauss points are needed. Therefore for rectangles, trapezius and Simpson we need, respectively about 1500000, 700000, and 200000 points. Then, the quadrature of the Gauss-Legendre is written as
The values of ξ i and w i (i = 1, 2, . . ., q) are, respectively the roots of the Legendre polynomial of order q and the associated coefficients with the quadrature of Gauss-Legendre. For q = 20, the values of ξ i and w i are shown in Table III . In relations (12) and (14), the stresses τ y and τ x depend respectively on the direction of the orientation of the cutting forces T y and T x . Then for each axis one can calculate the said shear.
Results and comments
The results are quoted in three parts for the three selected sections. For each section, the variation of S * x , S * y , and τ y is presented in the section when the shear force T y is applied and the variation of S * x , S * y and τ x when the shear force T x is applied followed by results tabulated on the geometric characteristics and the value and the position of the maximum stress and the associated shape coefficient.
Each figure contains 5 to 7 curves according to the value of the parameters defining the geometry of the section.
The All results are determined in a non-dimensional manner. All we did was simply change the variable to the benchmark of the section definition. Table I. the chosen sections when T y is applied. It also represents the variation of the length of the bandwidth b y /h as a function of the ordinate x /a when T x is applied. Figures 5 and 6 , respectively, represent the variation of the non-dimensional static moments S * x /(ah 2 ) and S * y /(a 2 h) of the upper part of Fig. 2 according to the principle of Fig. 1 as a function of y /h, when a shear force T y is applied. We note that the static moments are zero at the high end y /h = 1.0 because the upper part in this case does not exist and is also zero at the low end y /h = 0.0 by what the static moments represent those of the complete section in relation to the central axes. Then the static moments take a maximum at a point in the section close to the centre of gravity. Figure 7 shows the variation of the shear stress in the non-dimensional form as a function of the vertical ordinate y /h when the shear force T y is applied. It is noted that the shear stress is zero at the upper and lower ends and takes a maximum at a point in the section which is not necessarily the centre of gravity. At the top and bottom ends, we have S * Then, in accordance with relation (12) an indeterminacy of type 0/0 is obtained. The value of the stress at this point cannot be computed numerically. However, we know physically that the stress is zero in these two points. Then the computation is approximated by the determination of the stress at the point y /h = 10 −8 (close to zero) for the low part and at the point y /h = 1.0 − 10 −8 close to one for the upper part.
First section
Tables IV and V represent the numerical values of the geometrical characteristics of this first section. These values are computed numerically by our developed program by the use of the Gauss-Legendre quadrature of order 20. We note that the inertia product I xy = 0.0. This demonstrates that the axis of application of the shear force is not a principal axis of inertia and that formula (13) is no longer valid in this case, where it makes the correction to this formula by the application of the relation (12) .
In order to apply the relation (12) , it is necessary to seek the orientation of the main axes of inertia and to consider the calculations according to these two axes after projecting the shear force T y along these two axes. In this case the computational geometry becomes quite complicated where computation becomes almost impossible.
The numerical results found for the triangle n = 1.0 and m = 1.0 (curve 3) can be confirmed with the exact results given by the relationships (32), (33), and (34), which demonstrates the reliability of our numerical program. Table VI represents the value and position of the maximum stress as well as the shape factor value k y for the five shapes chosen for the first section when the force T y is applied. The numerical results found for the triangle were confirmed when n = m = 1.0 (curve 3) with relations (40) and (47).
For the application of the transverse force T x , the variation of the static moments S * x and S * y is considered, as well as the shear stress respectively according to Figs. 8-10. The same comments presented for the case of the application of T y are valid for the case of T x . The variations of S * x and S * y and τ x are a function of x /a. They vary from left to right in this case. The functions are now null at the left and right ends. Table VII represents the value and position of the maximum stress as well as the shape factor value k x for the five shapes chosen for the first section when the force T x is applied. The numerical results found for the triangle were confirmed when n = m = 1.0 with relations (40) and (47). • . The curve 6 is for θ = 80.0
Second section
• and the curve 7 is for θ = 90.0
• . Fig. 11 . Variation of static moment S * x /R 3 as a function of the ordinate y /R for some sections. Fig. 1 as a function of y /R when the shear force T y is applied. Figure 13 shows the variation of the shear stress τ y R 2 /T y in the non-dimensional form as a function of the vertical ordinate y /R when the shear force T y is applied.
Tables VIII and IX represent the numerical values of the geometrical characteristics of this second section. These values are computed numerically by our developed program by the use of the Gauss-Legendre quadrature of order 20. We note that the inertia product I xy = 0.0. This demonstrates that the axis of application of the shear force is not a principal axis of inertia and that formula (13) is no longer valid in this case, where it makes the correction to this formula by the application of the developed relation (12) .
We can confirm the numerical results obtained for the quarter circle θ = 90.0
• (curve 7) with the case of n = 2.0 and m = 2.0 (curve 4) for the first section, which demonstrates the reliability of our numerical program. Table X represents the value and the position of the maximum stress as well as the shape factor value k y for the seven shapes selected for the second section when the force T y is applied. We have confirmed the numerical results obtained for the quarter-circle case θ = 90.0
• (curve 7) with case of n = 2.0 and m = 2.0 (curve 4) for the first section, which demonstrates the reliability of our numerical program.
For the application of the shear force T x , we consider the variation of the static moments S * x and S * y as well as the shear stress, respectively, according to Figs. 14-16. The same comments presented for the case of the application of T y are valid for the case of T x . The variation of S * x and S * y and τ x depend on x /R. They vary from left to right in this case. The functions are now null at the left and right ends. Table XI represents the value and position of the maximum stress as well as the shape factor value k x for the five shapes chosen for the first section when the force T x is applied. We confirmed the numerical results found for the θ = 90.0 • (curve 7) with the case of n = 2.0 and m = 2.0 (curve 4) for the first section, which demonstrates the reliability of our numerical program. Table II . Then curve 1 is for n = 1/2. Curve 2 is for n = 2/3. Curve 3 is for n = 1.0. Curve 4 is for n = 2.0. Curve 5 is for n = 3.0. Figures 17 and 18 represent, respectively, the variation of the dimensionless static moments S * x /(ah 2 ) and S * y /(a 2 h) of the upper part of Fig. 4 according to the principle of Fig. 1 as a function of y /h when the shear force T y is applied. Figure 19 shows the variation of the shear stress in the non-dimensional form as a function of the vertical ordinate y /h when the shear force T y is applied. It is noted that the shear stress is zero at the upper and lower ends and takes a maximum at a point in the section which is not necessarily the centre of gravity.
Tables XII and XIII represent the numerical values of the geometrical characteristics of this third section. These values are computed numerically by our developed program by the use of the Gauss-Legendre quadrature of order 20. We note that the inertia product I xy = 0.0. This demonstrates that the axis of application of the shear force is not a principal axis of inertia and that formula (13) is no longer valid in this case, where it makes the correction to this formula by the application of the developed relation (12) .
We can confirm the numerical results found for triangle n = 1.0 (curve 3) with the exact results given by relations (32), (33), and (34) and with the triangle results for n = m = 1.0 for first section (curve 3), which demonstrates the reliability of our digital program. Table XIV represents the value and position of the maximum stress as well as the shape factor value k y for the five shapes chosen for the first section when the force T y is applied. For the application of the shear force T x , we consider the variation of the static moments S * x and S * y as well as the shear stress τ x ah/T x , respectively, according to Figs. 20-22. The same comments presented for the case of the application of T y are valid for the case of T x . The variations of S * x and S * y and τ x are a function of x /a. They vary from left to right in this case. The functions are now null to the left and right ends. Table XV represents the value and position of the maximum stress as well as the shape factor value k x for the five shapes chosen for the third section when the force T x is applied. The numerical results found for the triangle when n = 1.0 were confirmed with relations (40) and (47) and with the triangle results for the case n = m = 1.0 (curve 3) for the first section.
Finally, a criterion of resistance of the beams of moderate lengths subjected to bending can be applied to avoid breaking the beam by [1] [2] [3] :
In relation (86), we clearly notice the influence of τ Max in the balance of applied stresses, which is accompanied by the stress σ Max due to the bending moment. The application of this criterion will determine the size of the section with a high precision without breaking. That is, the dimension of the section with consideration of τ Max is less than the dimension of the no-effect section of τ Max .
Conclusion
This work allows us to calculate the shear stress due to the effect of shear force for general case of deflected bending theory in arbitrary complex unsymmetrical sections for the assumptions and constraints given in our mathematical formulation. We can draw the following conclusions:
1. The numerical program can make any unsymmetrical sections.
2. Each section has two shape factors k x and k y following the two options of two shear forces T x and T y .
3. For T = T y , the stress τ will be forced to zero at the top and bottom ends and is zero at the left and right ends if T = T x .
4. When T is directed arbitrarily in the plane of the section, it must be the projection as the horizontal and vertical axes which cannot be forced as a principal axis of inertia, and we consider the calculation of the stress τ along the two axes and make the vector summation.
5. The stress τ Max is at a point which is not the section centre of gravity.
6. The calculation can be made to the two arbitrary axes.
7. The calculation of the geometric characteristics of the section is necessary.
8. The value of T in the program does not matter. However, we calculate the value of τ /T as a function of the geometry of the section.
9. The calculation is done in a non-dimensional way. However, the values of a, h and R of the selected sections have no significant values.
10. The calculation of the geometrical characteristics of the section as well as the static moments of the upper and right parts is done by a numerical integration of the functions which depend on the shape of the chosen section.
11. The numerical integration of the functions found is done by the quadrature of Gauss-Legendre of order q = 20 designed for the regular functions given its rapidity of convergence and high precision.
12. The maximum stress in all cases is always higher than the average stress. In other words, the form factor is always greater than unity.
13. The distribution of τ and the value of the maximum stress τ Max as well as the shape factor depends on the orientation of the central axis. The smallest value of the maximum stress is along the principal axis of inertia and the greatest value is also along the other principal axis of inertia.
14. The maximum stress and the shape factor depends on the rotation of the central axis in the plane of the section.
As perspective and in the same line of research, we can consider the calculation of the shear stress due to shear forces for arbitrary unsymmetrical thin-walled hollow sections.
